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Objectives 


The principal objective of this unit is to introduce functions from the set 
of complex numbers to itself. 


After working through this unit you should be able to: 


(1) define the complex exponential function and be familiar with some 
of its elementary properties; 
(11) find the image of a given set in the complex plane under a given 
elementary function; 
(111) prove that the set of all circles and straight lines is invariant under 
a bilinear function; 
(iv) find invariant points and sets under a given elementary function; 
(v) express a complex function asa composition of elementary functions; 
(vi) find the roots of the equation z” = 1; 
(vii) solve a given equation involving nth roots. 


Note 


Before working through this correspondence text, make sure you have 
read the general introduction to the mathematics course in the Study 
Guide, as this explains the philosophy underlying the whole course. 
You should also be familiar with the section which explains how a text 
is constructed and the meanings attached to the stars and other symbols 
in the margin, as this will help you to find your way through the text. 
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Glossary 


Terms which are defined in this glossary are printed in CAPITALS. 


BILINEAR FUNCTION 


COMPLEX 
FUNCTION/MAPPING 


DE MOIVRE’S 
THEOREM 


EULER’S FORMULA 


EXPONENTIAL 
FUNCTION 


GEOMETRIC 
INVERSION 


INVARIANT ELEMENT 


INVARIANT SET 


INVERSE POINTS 


JOUKOWSKI 
FUNCTION 


Vi 


A BILINEAR FUNCTION is €2 COMPLEX FUNCTION of the 
form 


Seer Se [rece # =), 
cz +d c 


where a, 6, c and d are complex numbers such that 
ad — bc # 0. 


A COMPLEX FUNCTION/MAPPING is a function/map- 
ping for which the domain and codomain are C or 
subsets of C. 


A special case of DE MOIVRE’S THEOREM states that 
(cos 8 + isin 8)" = cosné@ + isin né, 


where ne Z. 


EULER’S FORMULA iS 


e'’ = cosy + isiny. 


The COMPLEX EXPONENTIAL FUNCTION IS 
exp:z*—— e*(cos y + isin y) (zEC), 
where z 1s the complex number x + iy. 
The function 
P-—Q, 


where P and Q are INVERSE POINTS with respect to a 
circle, is called a GEOMETRIC INVERSION with respect 
to that circle. 


An INVARIANT ELEMENT under a function / is an 
element a of the domain of f such that 


f(a) = a. 


An INVARIANT SET under a function f is a subset A 
of the domain of f such that 


FA} = A 


Points P and Q are INVERSE POINTS with respect to 
a circle with centre A and radius a if the points A, 
P and Q are collinear and AQ x AP = a? 


The JOUKOWSKI FUNCTION is the COMPLEX FUNCTION 


1 
I= (zeC,z # 0). 
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Notation 


The symbols are presented in the order in which they appear in the text. 


® 


The operation on the set of Cartesian co-ordinates which 
corresponds to multiplication on the set of polar co- 
ordinates. 


The set of all complex numbers. 


The complex number x + iy. The polar co-ordinates of z 
are usually written as (r, @). 


The set C without the zero element. 
The complex exponential function: 


exp:z'——> e*(cos y + isin y) (zEC), 
where z = X + ly. 
The modulus of z. 


The complex conjugate of z. 


The image of z=x+ iy under a particular complex 
mapping. The polar co-ordinates of w are usually written 


as (p, ?). 


The many-one mapping which maps polar co-ordinates to 
the corresponding Cartesian co-ordinates. 


Vil 


10 


47 
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29.0 INTRODUCTION 


In this unit we shall take up. the story of complex numbers from where 
we left it in Unit 27, Complex Numbers I. In that unit we were mainly 
concerned with building an algebraic structure, and we did this by 
introducing a further binary operation on ‘the vector space of ordered 
pairs of real numbers. We called this binary operation “multiplication” ; 
in terms of number pairs it was defined by 


(X1,¥1) © (X2, V2) = (X%1%2 — ViV2,Vi%2 + X1Y2): 


We introduced the notation (x, y) = x + iy, which is very useful because 
it enables us to work with this apparently complicated rule for multiplica- 
tion without having to remember the above formula. With this notation 
we simply use the familiar rules of addition and multiplication, as in 
the algebra of real numbers: whenever we see i we replace it by —1, 
so that 


(x, + iy,)(x2 + iy) = X1X2 + iyi. + iyiX2 + ix1y2 


(X1X2 — ViV2) + ix. + X1)2)- 


We call the set of all elements x + iy the set of complex numbers, and we 
denote this set by C. We saw in Unit 27 that there is a subset of C which 
is isomorphic to R (for addition and multiplication) under addition and 
multiplication. So, by a small abuse of language, we can regard R as a 
subset of C. (Alternatively, we can say that C contains a “‘copy”’ of R.) 


In sections 29.1—4 of this text we concentrate on functions from C to C, 
often called complex functions, and, in particular, on how they can be 
represented pictorially. It is possible to define complex forms of the well- 
known elementary functions exp, sin, cos, tan, In, etc., which reduce 
to their real forms when their domain is restricted to R, regarded as a 
subset of C. In section 29.5 we define and discuss the square roots and 
nth roots of a complex number. We discuss the nth root mapping and 
elaborate on our statement in section 27.5 of Unit 27 that every polynomial 
of degree n has exactly n complex roots. 


It is not the purpose of the Foundation Course to do “everything”: 
our main aim is to show you that a subject exists by describing some of 
its basic concepts, and thereby to open the door to further study. In this 
unit we shall do no more than introduce the exponential function and 
discuss some very simple examples of complex functions and mappings. 
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29.1 THE EXPONENTIAL FUNCTION . 
29.1.0 Introduction 


The definition of multiplication in C has a natural interpretation in terms 
of the geometric notions of scaling and rotation. The polar co-ordinate 
system is very useful in this context because multiplication of complex 
numbers in polar form is particularly easy. To illustrate this statement 
we shall revise a result, discussed in Unit 27, which we shall use again 
in this unit. Suppose that we take a particular complex number z = x + iy 
corresponding to the polar co-ordinates* (r, @), so that 


z=x+iy=rcosé@+irsin0§; 


then we know that, for any positive integer n, z” corresponds to the polar 
yp S p p 


co-ordinates (r”, n@). In other words, 
z” = r"cos nd + ir” sin nO 
= r"(cos nO + isin n6@). 
But we know that 
z" = (rcos 6 + irsin 6)" 
= r"(cos 0 + isin 6)" 
and therefore 
cosn@ + isin nO = (cos @ + isin 6)". 


This result is a special case of De Moivre’s Theorem, and we shall use 
it in developing a definition of the complex exponential function. 


29.1.1 Extending the Domain 


You will remember that in Unit 7, Sequences and Limits I we defined the 
exponential function with domain R, and our object now is to extend 
the domain of the exponential function to C. You will also remember 
that exp x could alternatively be written as e* (where e ~ 2.71828). 


Obviously the extended exponential function 
zr——FeKD c (zEC) 

must coincide with the original function 
xr xp (x € R) 


when the domain is restricted to R. But this in itself is not a sufficient 
guide to suggest a definition of exp z, so we shall specify some of the 
properties of exp x which we would like exp z to have also. 


Unfortunately, the most obvious approach is not possible. In Unit 7 we 
defined the exponential function by 


‘ k 
exp ix tim [i +2] (xe Rand keZ*). 
k large 


But we have not defined limits in the context of complex numbers (although 
we could), so we cannot define the complex exponential function to be 


k large k 


although, if we gave an appropriate meaning to the limit, this would be 
a satisfactory definition. 


k 
4 8 Sagem lim [1 +7 (zeCandkeZ"), 


* We use black brackets for polar co-ordinates now, as is usual in the mathematical literature. 
It should be clear from the context which system of co-ordinates we are using. 
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In Unit 12, Differentiation I, we found a characteristic property of the 
exponential function: 


(exp) = exp. 


But unfortunately we have not defined the derived function of a complex 
function (although we could). 


In Unit 14, Sequences and Limits II we found a convergent series for the 
exponential function: 


x* = x 


expx=1+x+ 5 (xe R). 


tee: 


But we have not defined convergence of an infinite complex series (although 
we could), so we can’t just replace x by z and R by C to obtain a definition 
of the complex exponential function. 


We have recounted this tale of woe because, had we the necessary ancillary 
ideas, each of these three possibilities for a definition could provide us 
with a more satisfactory approach than the one we actually adopt. But 
we can make up what we lack in expertise by bravado. 


In Unit 7 we discussed a very important property of the exponential 
function: 


exp(x,; + X,) = expx, X exp x, (x,, xX, €R), 


that is, the real exponential function is a morphism (isomorphism) of 
(R, +) to (R*, x). Let us agree to preserve this property for a start; 
that is, we require of the complex exponential function that 


exp(z, + 22) = exp 2 exp Zz, (z,,2,€C). 


This means that the complex exponential function is a morphism (perhaps 
not an isomorphism) of (C, +) to (C,, @), where C,; is some, as yet 
undetermined, subset of C and ® is the symbol we introduced for 
complex multiplication in Unit 27. 


There are some immediate consequences. Let 
Zz,=x and 2z,=iy (x, ye R); 

then 
exp (x + iy) = exp x exp (iy), 

so for any complex number z, we know that 
exp Zz = e* exp (iy). 


We can see that exp z falls into two parts, one of which is the real number 
e*. Our problem now is to find a suitable definition of exp (iy), so we 
investigate this part further. 


We have assumed that exp z is a complex number, so we can write 
exp (iy) = f(y) + ig(y), 

where f and g are real functions. 

Now let n be any positive integer. Then 
exp (iny) = (exp (iy))’, 

by repeated application of our morphism property. So that 
J (ny) + ig(ny) = (f(y) + igi)’. 


Compare this with the special case of De Moivre’s Theorem cited in 
section 29.1.0: 


cosn@ + isin n@ = (cos 0 + isin 6)". 


The suggestion is clear, but there is no “proof’’ for any conclusion. So 
we resort to bravado and define 

exp (iy) = cos y + isin y (ye R). 
So we define the complex exponential function by 

exp:x + iy+—>e*(cos y + isin y) (x +iyeC). 


The first thing we must do is to check that the complex exponential 
function does reduce to the real exponential function when the domain 
is restricted to R. Indeed it does, for then y = 0 and 

exp (x + i0) = e*(cosO + isin 0), 
so that 

exp xX = e”. 
It seems, therefore, that this function has some of the desirable properties 
which we would expect from an extension of the real exponential function. 


When we meet complex differential calculus we shall also be able to 
verify that 


(get exp 2) = (25 eae), 
(where we use ’ to indicate the derived function). 


In order to achieve consistency with the real exponential function, it is 
quite common to put 


expz = e”. 


(Strictly speaking, this does not mean “‘e to the power z’’ and we shall 
have to wait for a future discussion of complex analysis before we can 
adequately deal with numbers raised to complex powers. We shall find 
then that this notation for the exponential function is consistent with the 
notation for powers.) 


The equation 


exp (iy) = cosy + isiny 
or 
e'” = cosy + isiny 


is known as Euler’s formula. 


There is a mathematical oddity which is interesting. If we put y = z in 
Euler’s formula, then we have 


e'™ = (cosz + isinz) = —1, 
so that 
eo" + i 


This equation contains five of the most significant numbers in the history 
of mathematics in a neat and tidy formula: e, i, xz, 1 and 0. We could 
devote a course unit to each of them. 


It is important to notice thatthe complex exponential function embodies 
a neat relationship between a complex number z = x + iy and the 
corresponding polar co-ordinates (r, 0). We know already that 

x = pcos 0, 
and 

y = rsin 0, 
so that 

z = r(cos @ + isin @); 


using Euler’s formula we can now write this as 


z=re?. 
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We shall use z as an abbreviation for each of the various ways of writing 
a complex number: (x, y), x + iy, (7,9), r(cos @ + isin @) and re’’. This 
will not lead to any confusion for each representation refers to the same 
point z in the complex plane. 


Notice particularly that multiplying a complex number by e” (for any 
real number «) has the effect of rotating the corresponding geometric 
vector anti-clockwise through an angle a about the origin; in other 
words, increasing the argument of the complex number by «, for 


= i(a + @) 
= rellt*% 


= r(cos(« + 8) + isin(a« + @)). 


Exercise 1 = Exercise 1 
(4 minutes) 


(i) Show that if z = e”®, then z = e~”. 
(ii) Show that |e’®| = 1 for all real numbers 0. 
(111) Show that |e?| = e*. 
(iv) Show that e?*!?* = e? for all complex numbers z. 
(v) Find the set of all complex numbers z for which e? = 1. 


(HINT: You may find it helpful to refer to the Summary at the end of 


section 27.4.2, Unit 27.) = 
Exercise 2 Exercise 2 
(3 minutes) 
Show that if 
z= re" rt (), 
then 
ges — = 
, ee * 
Exercise 3 Exercise 3 


(3 minutes) 
(i) Is the complex exponential function an isomorphism or a homo- 


morphism from (C, +) to (C,, ®)? 
(11) What is the image set C,? 


(HINT: Some of the results of Exercise 1 will prove useful.) 2 
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Solution 1 Solution 1 


(i) If 


z= cos@ + isin 8, 
then 


cos 90 — isin @ 


NI 
| 


cos(—6) + isin (— 8) 


= e(— 9, 


(ii) We use the property : 


~~ 


jz)* = 22. 


\e!4|? = (cos 0 + isin 0)(cos 0 — isin 8), 


cos7@ + sin?@ = 1; 
hence 
je"| = 1, 
since the modulus of a complex number is non-negative. 
le?| = lex ti 
= lore 
= le*lle" 
From (ii), |e’”| = 1, and since |e*| = e*, we have 
le7| = e*. 
z+i2n z i2n 


e = ee 
Multiplying by e'?" corresponds to a rotation about the origin 
through an angle of 27 radians anti-clockwise and this demonstrates 
the required result. 
Notice also that we could argue that 
e/2" — cos2n + isin 2x = 1 
so that 
giti2n — gigitn _ 9 
Ife? = 1 andz = x + iy, then 
e*(cos y + isin y) = 1. 
Hence 
e~cos y = 1 (a) 
and 
e*sin-y = 0 (b). 


From (b) we have y = nz, ne Z, and substituting in (a) we obtain 


e* = +1. 
But x is real and there is no real x such that e* = —1,soe*= +1. 
Hence 

X oe Gy, 


From (a), it follows that 
cos y = l, 


so nis even. 
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Finally, 
2 = 1ZkR, ke Z, 


and, just as we would expect, the solution set corresponds to the 
set of rotations about the origin through multiples of 27 anti-clock- 
wise. oe 


Solution 2 Solution 2 
re -e- et 
r 


= (cos 0 + isin @)(cos(— 6) + isin (—9)) 
= (cos 0 + isin @)(cos #0 — isin 0) 


= |, 


' SS Zee 
If z = re’’, then it follows that a = aed & 


Solution 3 Solution 3 


(i) As a result of Exercise 1, part (iv), we can conclude that the complex 
exponential function is many-one. So it is a homomorphism, as 
opposed to the real exponential function which is an isomorphism. 

(ii) By definition, 


e* = e*(cos y + isin y). 


Therefore, e* can be written as (e*, y) in polar co-ordinates. (The 
modulus of e’ is e*, see Exercise 1, part (111), and hence y is one element 
of arg (e’).) 


Now e* can be any positive number and y can be any real number, 
and we shall exhaust all the images by allowing y to take all values 
in the interval [0, 2z[. So (e*, y) can be the polar co-ordinates of any 
point in the plane except (0, 0). Hence the image set C, is C without 
the zero element. ee 


29.2 REPRESENTATION OF COMPLEX 
FUNCTIONS 


29.2.0 Introduction 


In the previous section we showed, in a particular case, how we can extend 
the definition of a real function to obtain a complex function. Having 
obtained our complex function, we need to examine some of its properties. 
This we did for the exponential function in the exercises, using purely 
algebraic methods. When looking at a particular real function in the past, 
one of the first things we did was to draw its graph. We shall now in- 
vestigate what replaces the graph when we are dealing with complex 
functions. 


We are very familiar with the fact that it is often possible to represent a 
function of one real variable by a graph: 


codomain 


We have also seen how it is often possible to represent a function of two 


real variables by a surface: 


= 
o 
= 
{e) 
oO 
. ©) 
a) 


Representations of this kind are very useful because they give us an 
intuitive insight into the behaviour of the functions. We would like to 
produce something similar for complex functions, but there is one major 
problem. Suppose that we have a function ¢:C—~C. We know that 
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C can be represented by an Argand diagram, but to obtain a representa- 
tion of ¢ similar to the graph of a real function, we need two copies of C, 
one for the domain of ¢ and the other for the codomain. A direct extension 
of the graph would only be feasible for the inhabitants of a four-dimen- 
sional universe. 


The answer is to extend the “ladder” diagram which we have previously 
used for functions of one real variable, for example, the ““square”’ function: 


x-— x? (x € R). 
6 6 
5 5 
4 4 
oS Sees a a8 
ce 2 2 
1 navn nnnnnnnnn gy inn nnnnnss 1 
0 Se ee 0 
a ae -1 
-24-° : “2 
-3 -3 
-4 -4 
-5 -5 
-6 -6 
domain codomain 


In this diagram the domain and codomain are kept separate and we 
indicate the corresponding points on the two sets. For complex functions 
we have two Argand diagrams, one for the domain and one for the co- 
domain. 


codomain 


domain 


the function > 


Each point in the domain will be mapped to a corresponding point in 
the codomain by the complex function ¢, and we can indicate the corre- 
sponding points on the two Argand diagrams. 


You may find this way of representing complex functions a little difficult 
at first. But once you have drawn a few such diagrams and used them to 
analyse simple functions, you will begin to find this method of representa- 
tion very useful. In the next section we consider a simple example: our 
friend the ‘‘square”’ function. 
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29.2.1 The “Square” Function 29.2.1 


As an example of the development of the representation of complex Main Text 
functions, we examine points and their images under the ‘‘square”’ ; 
function: 


ze—> 7? (zEC). 


It is very often useful to let z = x + iy denote the (complex) variable in 
the domain, and w = u + iv denote the corresponding variable in the 
codomain, so that in this case we have 


w= z° (zeEC). 


The domain and codomain are then usually referred to as the z-plane 
and the w-plane respectively. 


We get some intuitive feeling for the ‘‘square’’ function if we plot various 
points and their images; for example, 


1, 


ee ee then w 


if z=2+i then w=3 + 4i. 


z-plane ~ w=plane 


Isolated points are not sufficient to convey the behaviour of the function, 
but if we consider the images of a set of points then we can often see the 


properties of the function more clearly. For example, what is the image of 
the set of points which lie on the positive real axis in the z-plane? 


The positive real axis in the z-plane is the set {(x,0):x > 0}, and since 
w = z” we know that in the image set 


weu+ iy = (x +10) = x’. 


Therefore the image set is the set of points for which u is positive and 
v = 0, ie. {(u,0):u > 0}, the positive real axis in the w-plane. 


z-plane w-plane 


Now let us examine the image of a semi-circle in the upper half-plane 
with centre at the origin and radius 1. This set is most easily specified in 
terms of polar co-ordinates; it is the set of complex numbers whose 


10 
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polar co-ordinates belong to the set 
i. 0):r =1,0<¢ 6 < x}. 


Since the ‘‘square” function is also very easily specified in terms of polar 
co-ordinates: 


(r, 0)-—> (r?, 26), 
it seems best to work entirely in this co-ordinate system. It follows that 
(r,0):r =1,0< 0 < a} (7, 8):r = 17,0 < 6 < 2z}, 


so the image of the semi-circle in the z-plane is a complete circle in the 
w-plane. 


We can also obtain useful information from looking at the images of 
regions in the domain. For example, consider the set of complex numbers 
specified by the set 


SeO:i<7<¢ 2.048 < sy), 


which represents an annular region. Each point specified by (r, 0) in the 
domain is mapped to (r?, 20) by the ‘‘square’’ function, so the image set 
is the set of complex numbers 


.0):1 <r < 4,0 < 0 < 22}. 


This set of complex numbers is more neatly expressed as the set 


{z:1 < |z| < 4}. 


Exercise 1 Exercise 1 

: (3 minutes) 

Draw the image of the line segment 
{z:1<y<2,x =0} 


under the ‘‘square”’ function. a 


1] 
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Solution 1 Solution 1 
We have 


z=iy wherel < y < 2, 


SO 
was ey 

Le. 
Ww =u + iv 

where 
u=—y* and v=0. 


So the image set is 


{(u,0):-4 <u< —I}. 


In this diagram the domain and 
codomain are superimposed. ec] 


12 
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29.2.2 Representation of Complex Functions 29.2.2 


You may find it difficult to see how we actually determine the image Discussion 
set under a particular function. Sometimes it is easy geometrically with = 
little or no algebraic manipulation, as in the case of the ““square”’ function, 

but often we are forced to use an algebraic approach, interpreting the 

algebra at the end to obtain the geometric picture. 


Suppose that we have a function 
Pa (zEC). 


A set in the domain is determined by some restriction on the values of z; 
under the function F this is converted to a restriction on the values of w, 
and hence we determine our set in the codomain. Diagrammatically we 
have: 


a restriction on jateretians. a set in the 
domain of F 


the values of z 


a restriction on determines the corresponding 
set in the codomain 


the values of w 


For example, what is the image of the circle of unit radius, centred at the 
origin, under the function 


1+ 2 


(zeC,z #1)? 
1-—z 


The circle is determined by the equation 
i =4 2 1. 


and this is our restriction on z. (Notice that we cannot have the complete 
circle, because we have not included z = 1| in the domain of our function.) 


We put 


so that 
Ww — 247 = 1 +2 
and hence 


3 


oa w#—l. 
w+ I 


We can now substitute for z in the equation representing the restriction, 
to obtain 


toe: 


= w #4 —I, 
iw + l 


and this is a restriction on the values of w in the codomain. It only remains 
to give a geometric interpretation of this set. If we rearrange the equation, 
we get 


Iw—ll=|w+1| w# —-1. 


We know% that |w — a| means the distance of w from a. We can now read 
the equation as 


‘the distance of w from | equals the distance of w from — 1, where 
w # —1”. 


The points equidistant from 1 and —1 clearly lie on the perpendicular 
bisector of the line joining 1 and —1, which is the imaginary axis. (The 
condition w 4 —1 does not exclude any of these points.) 


Using the same diagrammatic representation as in the general discussion, 
we have 


Notice that at one stage we need to find z in terms of w, which effectively 
means finding the reverse function. In our example the function is one-one, 
but in other cases it might be less straightforward; for example, this 
technique might not be effective for the ‘“‘square’’ function which is a 
many-one function. 


There is one point which we have glossed over in the discussion so far, 
which is best explained in terms of the example we have just considered. 


We know that every point of the unit circle (except the point z = 1) in 
the z-plane maps to a point on the imaginary axis in the w-plane. We can 
express this by 


[Zz] == I, z#1=>lw-—1|=|we+ ll, w # —-1 
=u = 0, 
where w = u + Iv. 


But we have not checked that the image of the unit circle is the whole 
of the imaginary axis, that is, 


te Oe ge 1 and: 27, 
Intuition would suggest that it is so, but intuition can be very deceptive 


when dealing with complex functions. Also, in this particular case there 


* Unit 27, Complex Numbers I, Exercise 27.4.2.2. 
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is rather an awkward hole in the unit circle at z = 1. As it happens, it is 
not very difficult to check: we have 


w— l 
Z=>= 
w+ 1 


w # —1; 


putting u = 0, we get 


So every point for which u = 0 arises from some point for which |z| = 1. 


In the television programme associated with this unit, we illustrate the 
last statement by using computer animation. As a point traverses the 
given set in the domain, we see the corresponding point traversing the 
image set in the codomain. This is a particular advantage of the method 
of displaying the function by computer animation. Another point which 
is worth noticing in these computer animations is that while the point 
in the domain moves with uniform speed, the image point in the co- 
domain will often speed up or slow down. This illustrates very clearly 
the way in which subsets of the domain correspond to subsets of the 
image set in the codomain. All this would be very difficult to describe 
in the correspondence text, but it does give a further bonus to the amount 
of visual information we can get from this method of representation. If 
you have watched the television programme before reading this text, 
we advise you to watch it again (if possible), paying special attention to 
the computer animations. 


Exercise 1 
Find the image of each of the following sets under the “‘square”’ function 
zre—> 7” (ze C). 


(i) {z:x <0, yeR} 
(ii) {z:x = 1, yeR} 
(iii) {z:xeR, y = 1} | 


Exercise 2 


Find the image of the circle centred at the origin with unit radius under 
the function 


ze— 27 + 3 (zEC). se 
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Exercise 1 
(4 minutes) 


Exercise 2 
(3 minutes) 
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Solution 1 Solution 1 


(i) 


domain codomain 


The image set is the complex plane with the negative real axis (includ- 
ing the origin) removed. We can easily see that this is so if we notice 
that the image of every radial line through the origin is also a radial 
line through the origin but with twice the argument. 


(ii) If z = x + iy and w = u + iv, then since w = z’, we have 


c= xt = 4, 


oo 2Xy, 
If x = 1, then 

yo te 

p= 2y. 


To obtain the image set in the w-plane, we eliminate y between these 
two equations, to obtain 


* 


v 
l-u=— 
ieee 
which you may recognize as the equation of a parabola. (If you do (See RB4) 


not recognize the equation, then‘ we suggest you sketch the graph; 
you can easily check that the complete parabola corresponds to the 
line.) 


(iii) If y = 1, then 
i= a sms 2 
o= 2x, 
so that 
rs 
v 
“= —— 1] 
4 


which is again the equation of a parabola. 
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codomain 


Solution 2 Solution 2 


Let w = 2z + 3. The given circle is the set {z:|z| = 1}. 
We have 


and therefore the image set is determined by the restriction 


w — 3 


eee 


zZ 
which simplifies to 
w — 3] = 2. 


This means that “‘the distance of w from 3 is 2”, so the image set is a circle 
centred at 3 with radius 2. 


domain -codomain | 
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29.2.3 Invariance 


We first mentioned the concept of invariance in Unit 23, Linear Algebra II, 
section 23.1.1. Invariance is another of the notions which we introduce 
in this course because it occurs widely in mathematics. Often in mathe- 
matics it is very interesting and useful to ask what is left undisturbed, 
or invariant, under a function. For example, the real exponential function 
x+—> e* (xe R) is invariant under the differentiation operator D. We 
have in fact already seen many different examples of invariance. We have 
devoted part of the radio programme which forms part of this unit to a 
discussion of invariance. 


In the context of complex functions, invariant points and sets of points 
can be of considerable assistance in the visualization of the functions. 
An invariant point of the complex function f is a point @ such that 


f(a) = a, 
An invariant set under the function f is a set 4 such that 
f(A) = A. 


Notice that in the latter case the individual points of A need not themselves 
be invariant; that is, we do not require that 


f(a)=a forallaeA, 
but we do require that 

{f(a):ae A} = A. 
Notice also that, although we use two Argand diagrams to represent a 
complex function, the idea of invariance is expressed more naturally in 
terms of one; i.e. we are regarding the codomain as superimposed on the 
domain. For example, consider the function 

yess 4] (zEC), 
which translates every point z one unit parallel to the real axis. We know 


that this function has no invariant points, but it does have invariant sets 
of points. For example, any line parallel to the real axis is invariant. 


domain codomain 


Although each point moves to a new point, the set of all points lying on 
such a line remains unchanged. 
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29.2.3 


Main Text 
*x * 


Exercise 1 
Which points are invariant under the following functions? 
(1) Ze—>Z + Zo ZEC (zEC) 
(translation function) 
(ii) ze— ez a real (ze C) 
(rotation function) 
(111) get kz k real (zEC) 


(scaling function) a 


Exercise 2 
Find examples of sets which are invariant under the functions 
(i) zr—> ez a real (ze C) 


(11) gi——> kz k real (zEC) 2 


There are two sets of a different sort which are invariant under all three 
functions: 


given 2 bk Ze, 
ze—> ez, 
ze—> kz, 
and which are of particular interest, namely 
the set of all circles 
and 
the set of all straight lines. 


It isn’t difficult to see that the image of a circle must be a circle under 
each of these functions, and the same is obviously true of straight lines. 
It is equally clear that the union of these sets, that is, 


the set of all circles and straight lines, 
is also invariant. 
We are particularly interested in the last set because it is also invariant 


under the following function which we shall examine in the next section: 


1 
— (zeC,z # 0). 
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Exercise 1 
(3 minutes) 


Exercise 2 
(4 minutes) 


Main Text 
xx«r 


Solution 1 


We consider these functions using their geometrical interpretation. They 
could just as easily be tackled algebraically. For instance, if in (i) we put 


= 2 + Zp, 


we conclude that either z, = 0, in which case every point is invariant, 
or there is no invariant point. 


(i) There are no invariant points unless zy = 0, in which case every 
point of C is invariant. Every point z is translated through a distance 
|Zo| in a direction determined by Arg (Zo). 

(ii) If « is a multiple of 22, then every point of C is invariant: if not, 
then the only invariant point is the origin. 

(iii) If k = 1, then every point of C is invariant: if not, then the only 
invariant point is the origin. zy 


Solution 2 


Any circle with centre at the origin is invariant under z-—~ e'*z, and 
any straight line through the origin is invariant under z-——> kz. Ss 
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Solution 1 


Solution 2 
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29.3 THE BILINEAR FUNCTION 29.3 
29.3.0 Introduction 29.3.0 
In this section we shall consider some further ideas in the geometric Introduction 


xk * 


representation of complex functions, by considering in some detail the 
so-called bilinear functions, i.e. functions of the form 


az+b 
-———_> 
cz+d 


d 
[recs - caliente Definition I 
Cc xk 


where a, b, c and d are complex numbers such that ad — bc # 0. The 
reason for considering these particular functions is far from obvious, but 
it turns out that they represent a very important class of “‘well-behaved”’ 
complex functions. As far as we are concerned here, they are a convenient 
vehicle for continuing our discussion. If you are interested in their wider 
importance, and have the time, you can consult R. V. Churchill, Complex 
Numbers and Applications (McGraw-Hill 1960). 


We begin by considering an important special case in which a = d = 0 
ang 6 = c: 


1 
= (zEeC,z #0). 


: 1 
29.3.1 The Function z*—— ; 29.3.1 


We shall denote the function Main Text 


xk 


1 
sae (zeC,z #0) 


by ®. 


If we use the form z = re’®, for convenience, then 


(= 
@: re? —_>—,, = -e 
re 


(See Exercise 29.1.1.2.) 


codomain 


® can be interpreted in terms of a well-known geometric transformation. 

The function illustrated in the following diagram, in which, for example, 

P+— Q, is often called a geometric inversion with respect to the circle, Definition 1 
centre A. : 
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Geometric inversion with 
respect to a circle. 


P and Q are known as a pair of inverse points with respect to the circle. 
These points have the property that A, P and Q are collinear and 
AQ- AP = a’, where ais the radius of the circle. It is clear that the function 
is one-one, and that points inside the circle map to points outside the 
circle and vice versa, except for the centre of the circle which has no 
image since it is not included in the domain of the function. Points on 
the circle map to themselves, that is, they are invariant points of the 
transformation. 


If we now look at our function ®, then we see that it is very similar to a 
es 1 ae 
geometric inversion. If P represents z, Q represents —, A is the origin O 
Zz 


and a = 1, then 


OP x O02 = |z| x 


4 
-|= 1, 
|Z 


which suggests inversion in the unit circle centred at the origin. The 
only trouble is that O, P and Q are not, in general, collinear, since 


arg ) = — arg z. If P and Q’ are inverse points with respect to the 
Zz 


circle |z| = 1, then Q is the reflection of Q’ in the real axis. 


Inversion 


™% 
a 
. 


es: 
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Definition 2 
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1 
Under the function eh we have, for example, P-—~ Q in the 


last diagram. So we see that 


; 1 | ws ; 
the function z-—— — can be interpreted as a geometric inversion 
Z 


with respect to the circle centred at the origin, with unit radius, 
followed by a reflection in the x-axis. 


Exercise 1 Exercise 1 
(3 minutes) 


Which of the following sets are invariant under the function ®? 


(i) a straight line through the origin; 
(ii) a straight line parallel to the imaginary axis; 
(iii) a straight line parallel to the real axis; 
(iv) the circle {z:|z| = a}, where ae R™ ; 
(v) i”, eW 1 ; 


; 1 
(vi) fF < |z| < a} where ae€ Randa > 1. x 
a 
We now investigate algebraically what happens to circles and lines Main Text 


under the function ®. Let’s start with circles: a circle with radius a, and 
centre at the point representing the complex number «, has the equation 


lz—a| =a. 


We can rewrite this equation as 
(z — a)(Z — &) =a’? 
or 


zz — &z — oz = a* — am. 


oe 
Under the function ® ——— this becomes 


1 — &@ — az = (a? — a&)zz. (continued on page 24) 
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Solution 1 


(i) Since the origin is the centre of inversion, any point on a straight 
line through the origin maps under a geometric inversion to another 
point on the same straight line. The reflection of this line in the real 
axis is a straight line through the origin; the reflection of the line 
coincides with itself if and only if the line is either the real or the 
imaginary axis. Only the two axes are invariant. 

(ii) A straight line parallel to the imaginary axis is not invariant, unless 
that straight line is the imaginary axis itself. 

(iii) A straight line parallel to the real axis is not invariant, unless that 
straight line is the real axis itself. 


(iv) The image of the set {z:|z| = a} is the set jz = “+ So the only 
invariant set is the unit circle. : 

(v) e and e~ are images of each other, so the set {e’’, e~ ’} is mvariant. 

(vi) This set is an annular region centred at the origin; it is invariant. Hi 


(continued from page 23) 


Now if a? — ax # 0, we can rearrange this as 


a Oo 1 


If we compare this with the (red) equation of the original circle, we see 
that it is the same, except that 


a has been replaced by 4 


oto 4 


and 


i 
* — a& has b laced by ———-. 
a* — ad has been replaced by —;—— — 


So the image of a circle is a circle, in general. 
There is, however, one exceptional case: 
a’ — a& = 0. 


What is special about this case? Well, a& = |«|* and |a| is the distance of 
the point representing a from the origin. So 


a* — «0 = 0O>a = |al. 


i.e. the circle |z — a| = a passes through the origin. (And if we had wanted 
to predict this special case we could have done so, since the origin does 
not belong to the domain of ®. In this case there is, so to speak, a hole in 
our original circle.) 


When a? — a& = 0, the transformed equation becomes 
1—az—az=0. 


In the next exercise we ask you to interpret this equation. 


Exercise 2 


By writing z = x + iy and « = a + ib, determine the set represented by 
the equation 


1 — az —az=0. aS 
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Solution 1 


Exercise 2 
(3 minutes) 


: See 
So we see that the image of a circle under ®:z*——-— is either a circle or 
2 


a straight line. We could now go through the same investigation to find 
the image of a straight line. But with a little cunning there is no need 
to do this. The function ® is not only one-one, but it is its own inverse. 
That is, if we apply ® twice, then we end up where we started: 


@(D(z)) = z. 
We have seen that 

(a circle through the origin) = a straight line, 
so that 

a circle through the origin = (a straight line). 


We now wish to know which straight lines are the images of circles through 
the origin. This has been covered in Exercise 2; we showed that the 
circle through the origin, with centre « = a + ib, is mapped to the line 
with equation 


2by — 2ax + 1=0. 


By varying the circle we can vary a and 5 and so obtain “almost any”’ 
straight line: the only type of line we cannot get is a line through the 
origin, because we can never get an equation of the form 


cy + dx = 0. 
There is no way of getting rid of the 1! So we know that 
(any straight line not through the origin) = circle through origin. 
But we have already shown (Exercise 1, part (i)) that 
@M(any straight line through origin) 
= some Straight line through origin. 


(Notice once again the crucial role of the origin.) This now covers all 
possible images of straight lines and circles, and we have seen that the 
image is always a straight line or a circle. That is, the set of all circles and 
straight lines is invariant under ®. This completes our investigation of ®. 


We now turn to the composition of complex functions with the intention 
of expressing the general bilinear function as the composition of simpler 
and familiar functions. 
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Main Text 


x*«wx* 


Solution 2 
1 — aZ — az = 1 — (a — ib)(x — iy) — (a + ib)(x + iy) 
= 1 — 2ax + 2by 


so that 

1—az—az=0 
becomes 

2by — 2ax + 1 = 0, 


which is the equation of a straight line. 2 


29.3.2 Composition of Complex Functions 


We can combine complex functions just as we can combine real functions. 
For example, if 


f:iz-—z4+2 (zEC) 

and 
gg 457 (zEC) 

then 
f+ge:z--7424+2 (zEC). 

Also 
f *252-—*32 + 2 (zEC) 

and 


go fiz — 3 + 2) (zEC). 


Often it is very helpful, when considering an apparently complicated 
function, to break it down into the composite of two or more simple 
functions. 


Let us look at the example 


+ 3 
Sees (zeEC,z # —1). 


The first step could be to simplify the function to 


2 
F:z-— 1 + —— (zeC,z# —1). 
z+ 1 


Now let us think of the simple processes which would enable us to 
calculate F(z) for some arbitrary complex number z # —1. A “flow 
chart” representation of the calculation process is given on the next page. 
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Solution 2 


29.3.2 


Main Text 
x*x* 


Mapping Notation 


INPUT z 


Z ot-Aede 


2 2 
LETz = — zo 
Ltt z= 1 +2 Zt? 4. ik 


N 


Effectively this process is equivalent to the composition of the functions 


foie z +1 (ze C), 
2 
cogpneg (zeC,z #0). 
We see that 
F = fogof. 


Suppose now that we take a particular set in the domain of F and attempt 
to find its image. For example, let us find the image of the circle {z:|z| = 1}. 
We must of course omit the point (— 1,0) from the set since this point 
does not belong to the domain of F. (This point has not been omitted 
from the circle in the diagram as we cannot illustrate a “‘hole”’ at a single 
point.) 
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—2 -1 2 O 


the 
function f 
domain codomain 


First we carry out the translation f, which simply moves the circle one 
unit to the right. Now take the new circle which is in the domain of g. 
(Notice that this time it is the point (0, 0) which is omitted fram the circle.) 
The mapping g can itself be regarded as the composite g, og, of 


1 
21 eee and g.:z--—* 22. 


1 os 
We know what happens under z-—~-— from our studies in the previous 
Z 
section. The circle passes through the origin, so it is mapped to the straight 
line with equation 
2by — 2ax +1=0, 


where (a, b) are the Cartesian co-ordinates of the centre of the circle. In 
this case the centre is (1, 0), so the image line has equation 


—2x+1=0. 


This is the line parallel to the imaginary axis passing through (;, 0). 
This line is then mapped by the scaling z-~—~2z, which doubles the 
distance of any point from the origin. So the image of the line is the line 
with equation 


z= i. 


the 
function g 


domain codomain 


The next step is to find the image of this straight line under the function f. 
Since f:z+——>1 + z, we simply add 1 to each element in the domain, 
and therefore the line is moved one unit to the right. 


the 
function f 


domain codomain 
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We can now see that the original function F = f °g ef maps the circle, 


with centre the origin and unit radius, to the line parallel to the y-axis 
through the point (2, 0). 


| ist 


the 
function F | 
domain codomain 
Exercise 1 Exercise 1 
(3 minutes) 
Find the image of the circle {z:|z| = 1} under the following functions: 
a 
(1) a (zeC,z #1) 
= 3z 
(11) Gr [2 +; ; (zeC,z #1) 
3 i? 
(iii) Hi { = — 3) (zeC,z #1) “ 
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Solution 1 


(i) Let 
te: — 1, 
2z-—-, 
h:z-— 1 + z, 
Kigr Sz, 
then 


F=kochogof. 


Diagrammatically we have: 


(ii) If 
gift +, 
then 
G=qoF: 


Diagrammatically we have: 


(iii) If 
Sige—-s*, tee 4, 
then 
H = sotoF, 


Diagrammatically we have: 


toF s 


(For the last function see Exercise 29.2.2.1, part (ii).) 
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Solution 1 
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29.3.3. The Bilinear Function 29.3.3 
The function Main Text 
az +b | “ 
7——+ zeC,z# —--}, 
cz +d Cc 


where a, b, c, d are complex numbers and ad — be # 0, 1s called a bilinear 
function. You may well ask why we insist that ad — bc # 0. The answer 
az +b 
cz +d 


If ad — bc = O and bd # 0, then 


is simple: ifad — bc = 0, then is either a constant or is meaningless. 


which means that 


gzt+b cz+a 


b d 
so that 
at> fb 
e+a d 


= 
In other words, every point z maps to the single point 7 


If ad — bc = O and bd = O, then: 
b=d=0 ae, 
b= 0:d 4 0 => 20 (since a = OQ); 
b £0,d = 0 = the function is not defined (since c =-0). 


Clearly we wish to ensure at the outset that we do not have such 
catastrophic many-one functions. 


The important property of a bilinear function is that it is the most general 
function which can be obtained as a composition of the elementary 
functions: 


fog 2 +, (zEC) 
(ii) z-—> ez a real (z € C) 
it} <2 kz k real (zEC) 
1 
(iv) — (zEC,z # 0). 


This isn’t difficult to show, for if c = 0, then the function reduces to 


b 
pues + — (ze C), 


d d 


and this is clearly a composition of the functions (i), (ii) and (ii). (Notice 
that d cannot also be zero, for then ad — bc = 0.) 


On the other hand, if c 0 then we can rearrange the terms in the expres- 
sion for the image under the function to give 
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We see that the bilinear function is the composite of the functions 


sia 4 


] 
FP 
V4 
ad — bc 
7 > 
Cc 
a 
fete ey 
c 


(in the above order, of course). 

We can also show that if we take a composite of some of the functions 
(i) z-—>-Z + _ Zo 

(ii) z-—> ez 


(fit) Z2*—-Kz 
| 

(iv) z-—>- 
Z 


then we always get a bilinear function (provided that we do not use (i11) 
with k = 0). 


az. +). 
We need to ensure that if z-—> is the composite function, then 
CZ 


+d 
ad — bc # 0. We leave you to verify this for yourself. 


In general, if a set is invariant under a function f, and if that same set is 
invariant under a function g then it will also be invariant under f og 


and gof. 


We have shown that the set of all circles and straight lines is invariant 
under each of the functions 


gree + 2, z-—> e!#z, gts amd g-——F—: 
Z 


and, since a bilinear function is the composite of some of these functions, 


we know that 


the set of all circles and straight lines is invariant under a bilinear 
function. 


Exercise 1 


Find the inverse function of each of the four elementary functions. (You 
should first check that each function is one-one, 1.e. that it has an inverse.) 


Exercise 2 


(i) If J, and T, are bilinear functions, prove that 7, o T, is a bilinear 


function. 
(ii) If T is a bilinear function, show that the inverse function is also a 
bilinear function. S 


There are many other interesting properties of bilinear mappings which 
we do not have time to study in the Foundation Course. If you are 
interested in reading further, see R. V. Churchill, Complex Variables and 
Applications (McGraw-Hill 1960). 
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Exercise 1 
(4 minutes) 


Exercise 2 
(5 minutes) 
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29.4 SOME SPECIAL FUNCTIONS 29.4 
29.4.0 Introduction 29.4.0 
In this section we intend to examine the behaviour of one or two particular Introduction 


x * 


functions. It is very useful for an applied mathematician, for example, 
to have a stock of information about particular functions, because his 
ability to find a solution to a particular problem may well depend on his 
ability to find a function which reduces a complicated shape in the 
domain to a simple shape (usually a circle) in the codomain. His strategy 
is essentially to map from a complicated situation to a simple one. 


There is a fundamental existence theorem, due to Riemann, which, very 
roughly speaking, states that we can always map a region with a suitable 
boundary toa disc (the region bounded by a circle), using a “well-behaved” 
complex function. Unfortunately, although this theorem tells us that such 
functions exist, it does not tell us how to construct them, and for most 
practical purposes we are forced to rely on accumulated experience. 


In section 29.4 we consider three special functions. If you are short of 
time, then work through section 29.4.3 only and just read quickly through 
sections 29.4.1 and 29.4.2. The latter section is also discussed, in part, 
in the television programme associated with this unit. 


Bernhard Riemann 
1826-1866 
(Mansell Collection) 


29.4.1 The Exponential Function 29.4.1 
We defined the complex exponential function Discussion 
se exp 2 


in section 29.1. If we let w be the image of z and (p, @) be polar co-ordinates 
of w, then 


w = p(cos @ + isin ¢) 


domain codomain 


But 
we = e*e” 
so that 
pee 
and 
el? = el? (continued on page 35) 
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Solution 29.3.3] Solution 29.3.3.1 
The inverse of 
z-—>z + Zo (zEC) 
1S 
Zire he (zEC). 
The inverse of 
come 24 a real (zEC) 
iS 
zr-—rel"%7 —¢ real (zeEC). 


The inverse of 


Zt =F kz k real, k 4 0 (zEC) 
is 
1 
saciameey k real, k 4 0 (zEC). 
The function 
sume (zeEC,z # 0) 
Zz 


is its own inverse. 


We see that the inverse of each elementary function is an elementary 
function of the same form. Ee 


Solution 29.3 .3.2 Solution 29.3.3.2 


(1) 7, and 7, are composites of the elementary functions 
fit 2 + 20, z-—> el@z, z-—>kz and zr—-, 
Z 


so this must also be true of T, o> T,, which must therefore be a bilinear 
function. 

(11) Suppose that T is the composite of the functions U,,U,,...,U, 
drawn from our list of four elementary functions, so that 


i= U,c0U,0---oU,,. 
Now each of the U’s is one-one, so the inverse function is 
Tot we Sf sO? oo UT ae 


If U is one of the four elementary functions, then so also is U~', so 
that T~' is the composite of functions chosen from our list of four, 
and must therefore be a bilinear function. 
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Consider now the image of a horizontal strip parallel to the x-axis in the (continued from page 33) 
z-plane, specified by 


1Z:yELVi,y2o,0<y; Fg 2m}. 


If we choose the value of ¢ to be Argw, ie. de (0, 2z[, then it follows 


from 

ei? — pi’ 
that 

a 
Since 

ye[yi, ya], 
we have 

Per, Val, 


which is a restriction on the values of w corresponding to the horizontal 
strip in the z-plane. | 


The set {w:¢ €[y1, y2]} is a wedge shape with its apex at the origin and 
apex angle y, — );. 


The exponential function 
ze e7 


domain codomain 


If we allow the horizontal strip to be of width 27 (excluding 27 but includ- 
ing 0) then it will map to the complete w-plane. 


domain codomain 
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If we map the horizontal strip 
{z:ye[2z, 4x[} 


(also of width 27) then the image is again the complete w-plane. 


domain _ codomain 


It is also interesting to see what happens to a strip parallel to the y-axis 
under the exponential function. Suppose that we take the set 


{z:x€[x1,X2]} 


in the domain, then, again using polar co-ordinates (p, d) in the codomain, 
we have 


ok, 
and the corresponding set in the w-plane is 


{w:p e[e™, e*?]}. 


(Notice that we are using the fact that if x, > x, then e*? > e*': if in 
doubt, see the graph of the (real) exponential function on page 51 of 
Unit 7, Sequences and Limits I.) 


Since p = |w|, we see that the image is the annulus lying between the 
circles centred at the origin, with radii e*' and e*?. 


domain codomain 


This is not, however, the complete story: although we have found the 
image of the set {z:x €[x,, x,]}, there is one other important considera- 
tion. Suppose that a point on the line x = x, starts on the x-axis and 
moves up the line (i.e. in the direction of the positive y-axis). What is the 
locus of the image point in the w-plane, and how do the corresponding 
points move? 
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We can easily see from our previous discussion that the locus in the 
w-plane is simply the circle p = |w| = e*'; but how do the corresponding 
points move around this circle? 


domain codomain 


As y increases from 0 to 22, so ¢ = Argw = y increases from 0 to 2z, 
and the image point travels all the way round the circle in the w-plane. 
In fact, the image point w makes a complete circuit of the circle for each 
interval of length 27 on the line. 


The function z-—*expz is many-one with a vengeance; an infinite 
number of points in the domain map to each point of the codomain. 


Exercise 1 Exercise 1 
: (4 minutes) 
(i) Find the set of elements which map to e*', x, € R, under the function 
t——Pexp Zz. 
(ii) Find the set of elements which map to e*'e' under the function 


Zi——P EXD Z. ee 
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Solution | 
(i) Ifz = x + iy, then 
extiy — oxi 
so that 
e*e'” = e*'(cos 2nn + isin 2nz). 
It follows that 
x =X; 
and 
y = 2mn (ne Z). 
(ii) If z = x + iy, then 
pigi? ac erigid 


so that 


and 
ob + 2nn (ne-Z). s 


er 
I 


29.4.2 The Joukowski Function 


The function 
1 
Ze—FzZ + - (zeC,z #0) 
. 


is one of the classic functions of complex analysis and is associated by 
most mathematicians with the well known Joukowski aerofoil. In this 
text we only have time to discuss the simple example of a circle centred 
at the origin mapped to an ellipse, but some other shapes which can 
be produced from circles in the domain are shown in the television 
programme and reproduced in the television commentary. You can also 
find a nice discussion of this function in the book by Budden (see Biblio- 
graphy) if you wish to pursue the subject further. 


Every circle centred at the origin maps to an ellipse under the Joukowski 
function, with the exception of the interesting case of the circle with 
radius 1. (See Exercise 1.) This property of the Joukowski function is 
mentioned in the television programme, in connection with the design 
of aircraft. 


Consider the circle 
{z:|z| = Z} 


in the domain, and, as before, let w = u + iv be the image of z, so that 


w=Z+-. 
Z 


On the circle {z:|z| = 2} we have 
id 


i=l. 


and therefore 
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Solution 1 


29.4.2 


Discussion 
x * 
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It follows that 
w=Zt+- 
Zz 


a 2e":4+ Fe" 
= 2(cos 6 + isin 6) + 3(cos 6 — isin 6) 
= (2 + $)cos @ + i(2 — 3)sin 8. 

We can now see that 


cos 0 


u 
and 
v = 3sin 0, 


and hence that 


which is the equation of an ellipse with semi-major and semi-minor axes 
of lengths 3 and 3 respectively. 


domain — codomain 


Exercise ] Exercise 1 
(3 minutes) 


What is the image of the circle 
‘gia = 1} 


under the Joukowski function? & 
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Solution 1 Solution 1 
On the circle {z:|z| = 1} we have 
a a 


and therefore 


— 
Z 


It follows that (in the usual notation) 
w=e?+e¥ 


= (cos 0 + isin 0) + (cos 6 — isin 6) 


= 2cos 0. 
Thus 
u=2cos@ and v= 0. 
As 
Mincreases from Oto 47, 
u decreases from 2 to —2:; 
as 


@increases from zto 2z, 


u increases from —2to 2. 


We see that the image of {z:|z| = 1} is the real interval [ — 2, 2]. (w traverses 
this interval twice — once in each direction — as z travels round the 
circle once.) 


40 


29.4.3 The “Square” Function 


We have already mentioned some of the properties of the representation 
of the ‘‘square” function in section 29.2.1, but in this section we wish 
to examine it again in more detail, in preparation for the final section 
of this text. 


Let us begin by attempting to find the image of the circle {z:|z| = 1} 
under the “‘square”’ function 


zr—> z* (ze C). 


The restriction |z} = 1 on the values of z in the domain is equivalent to 
the restriction 


i? = 1 or -jz*| = 1. 
If we let w = z” then the corresponding restriction on the values of w is 
a 


The image set is, therefore, the circle {w:|w| = 1}. 


This is not, however, the whole story. We have already seen in section 29.2.1 
that the semi-circle in the upper half of the domain also maps to this 
circle in the codomain. 


domain codomain 


This state of affairs may strike you as rather odd, and indeed it is. It all 
stems from the fact that the “‘square’’ mapping is many-one. We can 
see more clearly what is happening if we use polar co-ordinates. 


We know that the “square” function can be represented in polar co- 
ordinates by 


(r, 0) (r’, 20) (r,@)eER5 x R), 


so that the argument of each point in the domain is doubled in the co- 
domain. 


As z moves clockwise round the circle in the domain w moves twice 
round the circle in the codomain, also in a clockwise direction. 


In order to get the full flavour of the function in this case we examine 
the behaviour of the corresponding polar co-ordinates. If we let (p, ) 
be polar co-ordinates in the codomain, then 


(p, $) = (r’, 28). 


If we restrict 6 to lie between 0 and 2z, it will imply that @ lies between 
0 and 4x. We can show this behaviour quite clearly if we assign one sheet 
for the polar co-ordinates of the domain and two sheets for the polar 


co-ordinates of the codomain. 
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Main Text 


kek 
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O<o<2T 
re) 
SNe 
211 < o<411 
domain codomain 


As a point traces out the semi-circle in the upper half of the domain we 
obtain a circle on the top sheet of the codomain. 


domain codomain 


If the point continues round the semi-circle in the lower half of the domain 
we obtain a circle on the lower sheet of the codomain. 


domain codomain 


This representation will have advantages when we discuss some reverse 
mappings in the next section. 3 


Exercise 1 Exercise 1 
(3 minutes) 


Show that the image of the line x = a(a > 0) under the “square” function 
z-——> z” (zEC) 


is a parabola. If a point moves up this line in the direction of the positive 
y-axis, how do the image points move? & 


There is a further interesting property of the “‘square” function, and Discussion 
that is the effect which it has on curves in the domain which pass through an 
the origin. For example, consider the circle {z:|z — 1| = 1} with centre 

(1, 0) and radius 1. 


It is best in this case to specify the circle in terms of polar co-ordinates, 
and on the circle we have 


(r,0):r = 2cos 6, 0€ =, 


Na 
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This restriction on the values of r and @ is identical to 
1m 1 
r* = 4cos70 ve| -5 | 


If we let (p, @) be polar co-ordinates in the codomain, then 
p=r= 4.cos?0 | 

and 
o= Zz. 


If we eliminate 0 between these two equations, we obtain the correspond- 
_ ing restriction on the values of p and ¢: 


p = scos"($) 


which simplifies to (See RB10) 
p = 2(1 + cos ¢). 


In addition, we had the restriction 6€ | -3.5 and since 0 = 4 this 


becomes ¢ € [ — 2, 2]. The image of the circle is therefore the set of complex 
numbers with polar co-ordinates lying in the set 


{(0, p):p = 2(1 + cos d), pe [—2, z]}. 
The set with the equation 
p = 2(1 + cos ¢) 


is called a cardioid. 


Exercise 2 Exercise 2 
(3 minutes) 


As a point moves round the circle in the domain, how does the correspond- 
ing point move round the cardioid ? 


(Does it move twice round the cardioid?) & 
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Solution 1 Solution 1 


Let w = u + iv be the variable in the codomain; then 


2 


W=z 
and 
u+ iv = (x + iy)’ 
= x? — y* + 2ixy, 
so that 
‘i= x" = y’, 
and 
ps Zey- 
On the straight line in the domain we have x = a, hence 
“= a? — ¥7 
and 
v = Zay. 


If we eliminate y between these equations we obtain 


p2 


de 


u =a? 


so that the image set is the parabola 


{w:v* = 4a?(a* — u)}. 


domain codomain 
When y is large and negative, then u and v are both large and negative. 
As the point in the domain moves up the line so the image point moves 
along the parabola from the lower left, through the vertex and off to 
the upper left. 


The image point crosses the imaginary axis as the point in the domain 
passes (a, — a) and (a, a), and it crosses the real axis at the vertex of the 
parabola as the point in the domain crosses the real axis. 2 


Solution 2 Solution 2 


Since ¢ = 20, we know that as 0 changes from = to = @ changes from 


—n to m. The image points therefore traverse the cardioid once in the 
same direction. @ 
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29.5 THE nth ROOT MAPPING 29.5 

29.5.1 Square Roots 29.5.1 

In Unit 27, Complex Numbers I we were interested in finding the solutions Main Text 

of the equation ss 
z7= —l, 


and we discovered that i and —i are the “square roots” of —1. But how 
do we find the square roots of an arbitrary complex number? 


Let us try the most obvious approach. Suppose that we are given a 
complex number Zp = Xo + iVo and we wish to find its square roots. 
We could attempt to solve the equation 


z? = ZOQ> 
that is, 
(x + iy)’ = Xo + iyo, 
or 
= * é a _ 
x* — y* + 2ixy = Xo + IYo- 


Equating the real and imaginary parts, we obtain the simultaneous 
equations 


Se oe ee 

2xy — Yo- 
We can determine x from the second equation, that is 
_ Yo 


x 2y 


Then substituting in the first equation we get 


Le: 

Ay* + 4xoy? — yo = 0. 
This is a quadratic equation in y2, which we can solve easily, and it will 
in general give rise to four* values of y, and there will be four correspond- 


ing values of x. The end result is four number pairs as contenders for the 
square roots of Zo. 


It seems that this technique is not only inelegant but it also produces 
four numbers of which we have to reject two. The two extra “‘solutions’”’ 
are introduced when we square the expression for x in terms of y. 


The conclusion surely is that the obvious approach is not very good and 
we should try something better. This would be even more apparent if 
we tried to find cube-roots this way. 


The answer is to return to our definition of multiplication as an operation 
of scaling and rotation. Suppose that Zp has polar co-ordinates (r, 8); 


* Using the formula for the solution of a quadratic equation, we get 
2y* = —Xo + </ *6 + Yo> 


and whatever Xo, since \/x3 + yo > ./ x3, = |x|, the apparent solution 
2y? = —X9 — \/x3 + yo <0 


is no solution since y is real and so y? cannot be negative. 
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then we wish to find a complex number w, with polar co-ordinates (p, >), 
say, such that 


Wo — Zo- 

The polar co-ordinates of wé are (7, 2¢) and therefore 
(p7, 2) = (r, 8). 

We might conclude that* 


p= /r and 6-5. 


and therefore the complex number with polar co-ordinates | ft, ] is a 


square root of Zo. 


We have obtained only one square root, but after the next exercise we 
shall discuss a simple way of getting the second. 


Exercise 1 Exercise 1 
(3 minutes) 


Find polar co-ordinates for the complex number 1 + i,/3, and hence 


find one of its square roots. S 
The reason why we only get the one square root is that we inferred from Main Text 
the equation 
We = Zo 
that 
(p*, 2) = (r, 0), 


which is quite unjustified. We know that the polar co-ordinate representa- 
tion of a complex number is not unique, and, before we can write down 
such an equation, we must at least verify that 0 is chosen so that the 
values of @ obtained cover all solutions for wo. In fact, the non-uniqueness, 
which has only been a nuisance up till now, can be put to good use in 
this context. 


Suppose 6 = Arg z,; then one solution of w? = z, can be obtained from 


(07, 26) = (r, 8). 


But we could just as well choose 6 + 2kn (ke Z), instead of 0. And if, 
for instance, we choose 6 + 27, we get 


(0°, 26) = (r,0 + 2n) 


whence 
6 
wy) = 5 + 7%. 
Now we have two solutions 
9 6 
[Vir | ane Ves + | 


and these represent different complex numbers. Let us just have a look at 
this in terms of the numerical example in the previous exercise. 


ere 7 
In that exercise, it is true that 1 + i,/3 has polar co-ordinates [2 5 


: : 7 : 
but it also has polar co-ordinates (2, 3 , for instance. In fact, the elements 


* When we write p = Jt we mean the positive square root, since p = |wWg] is positive. 


46 


FM 29.5.1 


of any one of the pairs 


(2,5 = 2k (k € Z) 
are polar co-ordinates of the complex number | + Ly 3. 


If we now attempt to find the square roots, we find that their polar co- 
ordinates are 


{2.5 + kn (keZ). 


At first sight it seems that we have swung too far in the opposite direction ; 
instead of just one square root we now appear to have an infinite number. 
Luckily, all is well, for if we find the corresponding complex numbers, 
we obtain the set of elements of the form ; 


./2 cos [: + ka + if sin : + kn (k € Z), 


and this set contains only two distinct elements, corresponding to ky) 
and k = 1 say: 


J3 +i —./3—-1 
aa ee 
ee 


It is not difficult to see why this is so. If, for instance, k = 2, then the angle 
becomes 7 + 2n and this gives the same complex number as k = 0. In 


general, for any k, k + 2 and k give the same complex number. 


Exercise 2 Exercise 2 
| (3 minutes) 
Find both the square roots of ft + i,/2. s 

We shall call the reverse mapping of the “square” function the “square Discussion 


kx 


root” mapping. This mapping is not a function because it is one-many. 
In order to understand the behaviour of the “square root” mapping, it 
is helpful to recall what we discovered about the “‘square”’ function. 


The “square” function maps the set {(r,0):0 <0 < 2x‘ to the set 
f(r? 26):0 < 6 < 2r}. 


0<6<2n 


the square function 
domain codomain 


If we now introduce the many-one mapping p from polar co-ordinates 
to the corresponding Cartesian co-ordinates : 


p:(r, 8)'—> (x, y), 
we have 


Domain Codomain 


square: 
af ee ee) 


reverse 
p 
p 


(r, Q + 2kz) ert Ge, 20 + 4knz) (continued on page 49) 
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Solution ] Solution 1 


The complex number 1 + i,/3 has polar co-ordinates | eA 4 ; 1t follows 


that the complex number with polar co-ordinates 3 is a square- 


root of 1 + iJ If wo is this square root, then 
Wo = /2 cos = a ix/2 sin = 
3 1 


fi ea - 
= om 
Solution 2 Solution 2 


2 + 72 has polar co-ordinates (2, a 2 (k € Z). The square roots 


of ./2 + if? therefore have polar co-ordinates 


a3 re kn (ke Z), 
and there are just two different square roots: 


/2ei*! 8) and js . z= 
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If we introduce all the values of the argument of a particular complex 
number, and use a different sheet for each interval 2kx < 0 < 2(k + 1)z, 
we have diagrammatically: 


| reverse 


0<@<2n 


2ns6@<4n 
6n<98<8n 


10ns6<12n 


6n<06<8n 


14n<6<16n 


domain codomain 


In order to find the square of a complex number using polar co-ordinates, 
we could perform the operations: 
(i) express complex number in polar co-ordinates ; 
(11) square it; 
(iii) convert polar co-ordinates to a complex number. 
In other words, we perform the composite mapping 


p ° (square) o (reverse of p). 


From the diagram we can see that this process maps two points in the 
domain to one point in the codomain. In order to produce the image of a 
particular complex number we need only take values of 6 lying on the 
sheet corresponding to 0 < 0 < 2z. But think now what would happen if 
we were to proceed round this diagram in the reverse direction as we 
need to do for the “square root’? mapping. In order to produce both 
square roots of a given complex number we need two adjacent sheets 
for the polar co-ordinates, for example, the two sheets corresponding 
to 


0 =< 0 =< 2n and -22 <= 6: < 4n. 


Cw 


domain codomain 


The value of 6 between 0 and 27 gives one root and the value of 0 between 
2x and 47 gives the other. We need not take any more of the possible 
values for 0, as they will simply repeat the roots which we have already 
found. 
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(continued from page 47) 
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29.5.2 nth Roots 29.5.2 


In order to find the nth root of a given complex number, we need only Main Text 
follow the pattern which we have set for square roots. If the given complex ees 
number z,) has Argz, = 8 and modulus r, then Z, is represented by 

(r,9 + 2kz) where ke Z. 


Then the nth roots of zy are the solutions wp of the equation 
Wo = Zo- 


If wo 1s represented by (p, @) then w9 is represented by (p”, n@). 


From 
(p", np) = (r,@ + 2kn), 
we get 
6 + 2k 
p= piln p= =. e (k € Z), 
whence 


| P| oo% one) 
Wo = r'' | COS es + 1S1n : 


Taking n successive values of k will produce the correct number of distinct 
nth roots: taking further values of k will just repeat the roots already 


found. It is convenient to take k = 0,1,...,n — 1. 
Exercise 1 Exercise 1 
(3 minutes) 
(i) Find the values of (1 + i)!’°. 
(ii) Find the values of (1 + i)?’°. B 
Exercise 2 Exercise 2 
(S minutes) 
Solve the equation 
z> = (1 — 2). a 
Exercise 3 (Optional) Exercise 3 


(5 minutes) 
Show that all the roots of the equation 


(z + iP? =(z -— i)? 
are real. 


(HINT: There is a quick way!) s 
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29.6 CONCLUSION 


In this text we have been concerned with the notion of a complex function. 
We have seen how we can extend the definition of the real exponential 
function to that of the complex exponential function; we have also 
discussed a féw other special functions. In particular, we discussed the 
bilinear function and showed that the set of all circles and straight lines 
is invariant under a bilinear function. When we discussed the ‘“‘square”’ 
function, we saw that the upper half of the z-plane corresponded to the 
whole of the w-plane, since the argument of each point in the domain is 
doubled in the codomain. 


In section 29.5 we discussed the nth roots of a complex number. We 
began by discussing the “‘square root’? mapping, which is the reverse of 
the “square” function. We saw that a complex number « has just two 
square roots, that is, an equation of the form 


z—a=0 


has just two complex roots. We then considered the nth root mapping 
and saw that an equation of the form 


7 = g=f (n > 1) 


has just n complex roots. 


There is an important theorem, known as the Fundamental Theorem of 
Algebra, which states that every polynomial equation of the form 


ars a... 2°” *+--- +42 +650 °° = 2 1) 


where dy, d,,...,a,€C and a, # 0, has at least one complex root. The 
proof of this theorem is beyond the scope of the Foundation Course, 
but if we assume this result, we can indicate a proof of the following 
theorem. 


CONJECTURE 
Every polynomial equation of the form 

Ge) ge + gt tg = OL, 
where dy, d,,...,a,€C and a, # 0, has at most n complex roots. 


This result can be established as follows (see Unit 17, section 17.2.3). 


**PROOF’” BY MATHEMATICAL INDUCTION 
FIRST STEP 
Consider the case n = 1. 
The equation 
a,zt+a,=0 (a, # 0) 


has only one complex root, namely 


SECOND STEP 
Assume that an equation of the form 
b,z* +---+b,z +b) = 0 ie > 1) 


where by,b,,...,5,€C and b, 4 0, has at most k complex roots. 
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29.6 


Main Text 
x*k re 


Solution 1 


(i (l+j=/2 


hence, using the formula in the text, the five values of (1 + i) 


COS 


Tl 
4 + 2k) (k EZ), 


= + 2k + isin 


1/> are 


2kn Tl 2kn 
21/10 * 4 =" paog dasheeet ae aig B;-92, aay 
[cos (55 + =) + asin (5, + 5} ( , 1, 2, 3, 4) 


(ii) Similarly, the five values of (1 + i)*/° are 


n  4kn ee 
2'/>! cos | — + ——]| + isin |— + — (k= 0, 1, 2, 3, 4). 
10 5 10 5 
& 
Solution 2 
We need to solve the equation 
Zz rs 
=] =i es. 
Let 
Z 
w= : 
l—z 
then the roots of the equation w’ = 1 are 
1 e2inls etin/s eoin/5 e8in/d_ 
If w, is a root of w? = 1, then 
Zj 
wy = 
: 1 eas Z1 
where z, is a root of the original equation. Solving for z, we obtain 
Wi 
Zj — 
1+wy, 
The roots of the original equation are therefore 
1 o2i(n/5) oti(n/5) poiln/5) o8i(n/5) 
= 1 + e2ilt/5)? 7 4 pAilt/5)? 7 4 pOiln/5)? 7 4 e8ilx/5)° se 
Solution 3 
If 
(z + i)? =(z —i)° 
then 
|Z + i|° ea |Z Fe i|°, 
so that 


jz + i] = |z — jl. 


All solutions of the original equation are therefore at equal distances 
from the points corresponding to the complex numbers —i and i; in 
other words, they lie on the real axis. = 
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Solution 2 


Solution 3 


FM 29.6 


Consider an equation of the form (continued from page 51) 
OQ, ttt +azet+-+-taztag=0 (kK+12 21), 


where dy, @1,.--,44,€C and a,,, # 0. By the Fundamental Theorem 
of Algebra, this equation has at least one complex root, « say. This means 
that we can rewrite the equation in the form 


(z ee a)(b,2" 5 ee + ps2 ss bo) = 0, 


where k > 1, bo, by,...,5,€C and b, 4 0 (since by = a,+,). (We have 
not proved this step, so we are indicating a proof of the conjecture, rather 
than actually giving one.) 


Now, by conjecture, the equation 
b,z* + ---+b,z+ bo =0 

has at most k complex roots, and it follows that the equation 
Any Z*t) + a,z* +--+ + a,2 + a) =0 

has at most k + 1 complex roots. 


That is, if the conjecture is TRUE for k (ke Z~), then it is TRUE for k + 1. 
It is TRUE for k = 1, and hence it is TRUE for all positive integers n. 


Our discussion of nth roots and the examples considered in section 29.5 
provide illustrations of this important theorem. 


There is a vast theory of complex functions, just as there is for real functions, 
and we have barely touched the fringes of it. However, we hope that we 
have enabled you to glimpse some of the intriguing possibilities of a 
subject which must rank as one of the most elegant areas of mathematics. 
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